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spontaneous emission rate 
enhancement with aperiodic thue-
Morse multilayer
Ling Li  1, Cherian J. Mathai2, shubhra Gangopadhyay2, Xiaodong Yang  1 & Jie Gao1

The emergence of multilayer metamaterials in the research field of enhancing spontaneous emission 
rates has recently received extensive attention. Previous research efforts mostly focus on periodic 
metal-dielectric multilayers in hyperbolic dispersion region; however, the influence of lattice order in 
subwavelength multilayers on spontaneous emission is rarely studied. Here, we observe the stronger 
purcell enhancement of quantum dots coupled to the aperiodic metal-dielectric multilayer with thue-
Morse lattice order from elliptical to hyperbolic dispersion regions, compared to the periodic multilayer 
with the same metal filling ratio. This work demonstrates the potential of utilizing quasiperiodic 
metamaterial nanostructures to engineer the local density of states for various nanophotonic 
applications.

Since the discovery of Purcell effect of a resonant cavity on spontaneous emission rate of single atoms in 19461,2, 
modification of spontaneous emission rate of quantum emitters has become a fundamental research direc-
tion in the field of quantum electrodynamics3–5, and also very important for technological advances, such as 
single-photon sources6–9, light-emitting devices10–13, low-threshold photonics14–16, and plasmon lasers17–20. 
Following the advances in micro- and nano-fabrication technologies, there has been a surge of works on exploit-
ing the electromagnetic resonance of microcavities21–24, photonic crystals25–28, nanoparticles and nano-antennas 
to enhance spontaneous emission29–32. Optical metamaterials, a unique kind of artificial structure, emerged and 
received an enormous amount of attention due to their capabilities to realize extraordinary electromagnetic prop-
erties rare or absent in naturally occurring materials. Recently, extensive research efforts on one class of metama-
terials called hyperbolic metamaterials demonstrated anomalous electromagnetic phenomena such as negative 
refraction, subwavelength imaging, the diverging local density of states, epsilon-near-zero (ENZ) and optical 
nonlocality33–44. Unlike the resonant structures, hyperbolic metamaterials are capable of providing broadband 
Purcell effect44–46.

Hyperbolic metamaterials based on multilayer structures, consisting of an alternating arrangement of metal 
and dielectric layers, provide significant platforms for enhancing spontaneous emission and other unique elec-
tromagnetic properties. A series of experiments demonstrated the capability of metamaterials in enhancing spon-
taneous emission of various quantum emitters such as dye molecules, nitrogen-vacancy centers, semiconductor 
nanocrystals, and colloidal quantum dots (QDs)13,30,44,45,47–51. In the hyperbolic region, the strongly coupled sur-
face plasmon polaritons (SPPs) on metal-dielectric interfaces of the multilayer metamaterials, enabling optical 
modes with anomalously large wave vectors, tremendously modify the local density of states (LDOS). The major-
ity of multilayers explored in this regard so far are periodic multilayers (PM). For aperiodic multilayers, Moritake 
et al. showed a 1.35 fold Purcell factor enhancement of a multilayer based on Fibonacci sequence than that of the 
PM at one wavelength with hyperbolic dispersion52. In this work, we have investigated a PM (4 periods, 8 layers) 
and a deterministic aperiodic multilayer of Thue-Morse (ThM) sequence (3th generation, 8 layers) to study the 
effect of lattice order on the spontaneous emission rate of CdSe/ZnS QDs on top of the multilayers. Compared 
to PM with the same filling ratio, a stronger reduction of photoluminescence decay time of QDs on ThM was 
experimentally observed across a broad wavelength band of 70 nm. Theoretical analysis shows that QDs on ThM 
experienced stronger LDOS enhancement than that on PM from elliptical to hyperbolic dispersion regions. A 
clear distinction between dipole-excited electric field distributions inside the two types of multilayer stacks is also 
found in numerical simulation. The field distribution spreads out inside ThM indicating a stronger interaction 
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between the dipole and coupled SPP modes. This work demonstrates the LDOS engineering capability of an 
aperiodic multilayer metamaterial with both experimental characterization and theoretical analysis, which can 
further extend the potential of tailoring light-matter interactions with artificial nanostructures.

Results and Discussion
We fabricated the one-dimensional ThM multilayer stack by stacking two different materials A and B, follow-
ing a deterministic inflation scheme: A → AB, B → BA, with A as an initiator stacking from the silica substrate. 
Figure 1(a) depicts the schematic of a 4-pair PM metal-dielectric multilayer stack and the third generation 
sequence of ThM aperiodic multilayer stack, ABBABAAB, where A and B represent gold (Au) and silica (SiO2) 
layer with a designed thickness of 20 and 80 nm, respectively. The ThM multilayer is designed to have the same 
metal filling ratio of 0.2 as the PM multilayer. For QDs photoluminescence measurements, we diluted the orig-
inal CdSe/ZnS QDs solution with the mixed solution of polymethyl methacrylate, anisole, and chloroform. 
The diluted solution of QD-PMMA has a center photoluminescence wavelength around 604 nm and was then 
spin-coated on surfaces of multilayers and a glass substrate serving as a control. The thickness of a coated PMMA 
matrix layer was estimated to be around 50 nm from our past experience53.

Normal-incidence reflection spectra of both PM and ThM multilayer stacks were measured in the wavelength 
range of 450 nm to 800 nm. The measured spectra are shown in Fig. 2 along with the theoretical fitting using the 
transfer matrix method. The extracted Au and SiO2 layer thickness are 20 nm (20 nm) and 79 nm (80 nm) for PM 
(ThM) multilayer, respectively. These fitted layer thicknesses as well as the permittivities for Au and SiO2 from 
references54,55 used in the reflection spectra fitting were then used in all theoretical analysis and calculations, and 
the host material is set to be vacuum.

We conducted time-resolved photoluminescence measurements by using a time-correlated single photon 
counting system. Figure 3(a) shows the photoluminescence decay measurements from the QDs on the two mul-
tilayer stacks and the glass substrate at the emission wavelength of 580 nm. The QDs decay lifetimes are obtained 
from the modified exponential model fitting (shown as the solid lines)44 of the photoluminescence decay curves, 
and the values are 16.2 ns (glass), 14.4 ns (PM) and 12.5 ns (ThM). This modified exponential decay model, 

= +τ− β
I t I e I( ) t

b0
( / ) , is basically a stretched exponential relaxation model with an amplitude I0, background Ib, 

and a stretching parameter β. To obtain the photoluminescence lifetime τ, the three parameters were used to fit 
the measured photoluminescence decay data. The photoluminescence decay lifetimes deduced from the QDs 

Figure 1. (a) Schematic of the Au-SiO2 periodic multilayer (PM) and Thue-Morse multilayer (ThM) stack. (b) 
The SEM pictures of the cross-section of the fabricated 4-pair Au-SiO2 PM and third generation ThM multilayer 
stacks.

Figure 2. Measured reflection spectra of the Au-SiO2 PM and ThM multilayer stacks.
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decay measurements within the emission wavelength range of 570 nm to 640 nm are illustrated in Fig. 3(b). The 
error bar at each wavelength reflects the variation of the measured lifetimes at more than ten different spots on 
sample surfaces. The lifetime reductions of photoluminescence decay for QDs on both PM and ThM multilayer 
stacks are stronger than that on the glass substrate, with the most substantial reduction occurred at the longest 
wavelength of 640 nm. Figure 3(c) presents the measured emission rate enhancement (obtained by normalizing 
QDs decay lifetime on the glass substrate with that on the multilayers) for both PM and ThM multilayer stacks, 
which agrees very well with the theoretical Purcell factor calculations shown in solid lines (calculation method in 
section 4). The calculations take into account realistic QDs quantum efficiency, random dipole polarizations and 
various dipole positions along z direction (averaged from ten positions within 5–50 nm above the surface)44,56. 
The ThM multilayer stack has stronger Purcell effect than PM multilayer stack through the broad range of emis-
sion wavelength. Figure 3(d) shows the relative emission rate enhancement from ThM multilayer stack with 
respect to that of PM stack. The relative emission rate enhancement presents a peak around the wavelength of 
580 nm, which also matches the calculation very well. Around this emission wavelength, a larger emission rate 
enhancement by ThM multilayer stack originates from a stronger dipole-SPPs interaction.

To understand the impact of lattice order on Purcell effect in PM and ThM multilayer stacks, the Purcell factor 
experienced by a perpendicularly polarized dipole near the multilayer stack surface is theoretically investigated 
based on the layer thicknesses and permittivities parameters. The corresponding local density of states (LDOS) is 
in the form of ε +k k u r e(3 /2 )( / ) (1 )z p

ik d
0 1

3 2 z , where k0 is the magnitude of the wave vector in vacuum, u = kx/k0 
is the normalized wavevector component parallel to multilayer surface, k k uz 0 1

2ε= −  is the component of the 
wavevector perpendicular to the multilayer interface, ε1 is the relative permittivity for the host material, and rp is 
the reflection coefficient at the interface for a p-polarized wave44,51.

Figure 4(a) shows the theoretically calculated Purcell factor of a dipole at a distance of 5 nm above the top 
surface of multilayer stacks with dipole polarization perpendicular to the multilayers. ThM multilayer stack shows 
a stronger Purcell effect than PM multilayer stack does in a broad wavelength range from 450 nm to 670 nm. We 
also observe through theoretical calculations that Purcell factors of both PM and ThM decay exponentially with 
the dipole-multilayer distance, and reduce to unity when dipole is pulled more than 100 nm above multilayers. 
From the effective medium theory analysis, the ENZ wavelength for the two multilayers is around 587 nm. The 
effective permittivity sign change around this wavelength leads to a dispersion transition from closed elliptical 

Figure 3. (a,b) Photoluminescence decay measurements (a) and the fitted lifetime data (b) for QDs spin-coated 
on a glass coverslip (red), PM (green), ThM (blue). (c) Emission rate enhancement for PM (green solid dots) 
and ThM (blue solid dots) multilayers deduced from normalizing the lifetime data measured on glass coverslips 
by those from multilayers. (d) Relative emission rate enhancement deduced from normalizing the lifetime data 
measured on PM by ThM. Experimental data are supported by theoretical calculations denoted by solid lines.
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to open hyperbolic. The Purcell factor and LDOS in this elliptical-to-hyperbolic transition region are studied to 
reveal the influence of PM and ThM lattice order on spontaneous emission process. As shown in Fig. 4(b–d), The 
LDOS and the accumulated LDOS of the dipole are examined at the emission wavelength of 471 nm (elliptical 
region), 576 nm (near ENZ), and 665 nm (hyperbolic region), as a function of the normalized wavevector com-
ponent parallel to the multilayer stack surface kx/k0. The accumulated LDOS is the integration of LDOS up to a 
specific in-plane wave-vector value, and the value corresponds to the Purcell factor shown in Fig. 4(a) when the 
upper integration limit is infinity. As shown in Fig. 4(c), the LDOS and accumulated LDOS of ThM multilayer 
stack at the emission wavelength of 576 nm are clearly larger than those of the PM stack are, resulting in a 1.33 
fold enhancement for the Purcell factor. The pronounced LDOS peaks of ThM multilayer at 576 nm (shown in 
log scale) are observed around the wavevector component kx~1.5k0 compared with PM multilayer, which lead 
to the enhanced accumulative LDOS and Purcell factor for ThM multilayer. According to Fig. 4(c), the far-field 
radiation for PM is stronger than ThM in the kx/k0 < 1 region, but the total decay rate enhancement for the ape-
riodic ThM is larger than PM. This indicates that the dipole emitters coupled to ThM multilayer experience a 
strong non-radiative decay enhancement. Indeed, the measured fluorescence intensity of quantum dots on PM is 
brighter than that of ThM.

A close comparison between electric field intensity distribution inside the two multilayer stacks would show 
clearly the influence of an emitter’s polarization on the Purcell effect of multilayer stacks. Figure 5 shows the 
three-dimensional full-wave finite element simulation (COMSOL Multiphysics) result of the electric field inten-
sity distribution inside both multilayer stacks from a dipole emitter near the multilayer top surface with an emis-
sion wavelength of 576 nm. The top and the bottom row shows the electric field intensity distribution of the 
dipole emitter with polarization parallel (y-polarized) and perpendicular (z-polarized) to the multilayer surfaces, 
respectively. The electric field intensity distribution of a z-polarized dipole inside multilayers is more spatially 
extended through the layers than that of a y-polarized dipole, which agrees with the fact that the major con-
tribution to Purcell factor comes from the z-polarized dipole coupled to the multilayers44. For the z-polarized 
dipole emitter, its electric field intensity distribution inside the PM has a typical cone feature, whereas the one 
in the ThM multilayer is more extended through the metal-dielectric interfaces indicating a stronger interaction 
between the dipole emitter and the coupled SPPs modes.

Figure 4. Theoretical Purcell factor, the LDOS and cumulative LDOS for a perpendicularly polarized dipole at 
a distance of 5 nm above two multilayers in vacuum. (a) Purcell factor for the dipole on PM (green) and ThM 
(blue) multilayer stacks. (b–d) The LDOS (solid lines) and cumulative LDOS (dashed lines) for the dipole at the 
emission wavelength of 471 nm (b), 576 nm (c), and 665 nm (d).
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Conclusion
We have studied the Purcell effect of CdSe/ZnS QDs coupled to Au-SiO2 PM and ThM multilayer metamaterials, 
which possessing the same metal filling ratio but different lattice order. Larger Purcell factors have been demon-
strated for the ThM multilayer in a broadband of emission wavelength of 70 nm by time-resolved photolumines-
cence decay measurements. Theoretical analysis also reveals that ThM provides stronger LDOS than PM does, 
covering the wavelengths ranging from elliptical to hyperbolic dispersion region. A stronger dipole emission elec-
tric field distribution inside ThM is shown at the wavelength of 576 nm, indicating a stronger coupling between 
the dipole and the coupled SPP modes. We also noticed through theoretical calculations that in ThM multilayers 
the nearest two layers to the emitter influence the Purcell factor mostly, however the entire ThM multilayers 
do contribute to the spontaneous emission enhancement process due to the cooperative mechanism between 
quasi-localization and coupled SPP mode interaction with the dipole emitter. The differences in dipole-multilayer 
coupling are purely due to the order of the layer arrangement inside the multilayer stacks. This work presents an 
extensive examination of the LDOS enhancement by an aperiodic multilayer metamaterial, which could extend 
the range of research activities on quasiperiodic metamaterial nanostructures with the potential of tailoring 
light-matter interactions at the nanoscale.

Methods
sample preparation. An electron-beam evaporation system was used to deposit the multilayer stack on 
at the rate of 0.2 Å/sec for both Au and SiO2 layers. A variable angle spectroscopic ellipsometry (VASE, J. A. 
Woollam Co. VB400/HS-190) was used to characterize the optical constant of each material. We diluted the 
original CdSe/ZnS QDs solution (QDs weight ratio 3%, solvent: Chloroform) with the mixed solution of polym-
ethyl methacrylate (PMMA weight ratio 2%, solvent: anisole), anisole, and chloroform, to a final volume ratio as 
PMMA: anisole: chloroform = 1:3:4, and a final weight ratio for QDs and PMMA as 0.05% and 0.2%, respectively. 
For the spin-coating procedure, the duration and spin speed were set as one minute and 1200 rotation-per-min-
ute, respectively. Photoluminescence spectrum from the spin-coated QD-PMMA layer on a glass substrate is 
centered at 604 nm with full width at half maximum (FWHM) of 39 nm.

Experimental characterization. Time-resolved photoluminescence measurements were conducted by 
using a time-correlated single photon counting system. This system consists of a picosecond-pulsed excitation 
source (emission wavelength 402 nm, pulse width of 52 ps) and a spectrometer (Horiba IHR550) equipped with a 
single photon counting module synchronized with the pulsed excitation.
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